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Abstract 
By combining R − implication operators and generalized fuzzy convex sets, the concept of a new fuzzy algebra 
structure, such R − generalized fuzzy convex set, is introduced. Furthermore, some fundamental properties of such 
fuzzy convex set and the interrelation between R − generalized fuzzy convex sets and generalized fuzzy convex sets 
in certain conditions are discussed.
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction 
Zadeh, a cybernetics expert of California University in America, first proposed the concepts of fuzzy 
sets and fuzzy convex sets [1] in 1965, which had initiated new study fields of fuzzy convex sets.
Subsequently, many scholars had done a series of reseach on theories and applications of fuzzy convex 
sets [2-7]. It should be pointed out particularly that Xinmin Yang in Chongqing Normal University 
studyed relative properties of fuzzy convex sets [8-10] in 1993 and 1995. In 1996, by the combination 
between the concept of fuzzy convex sets and fuzzy concave sets, Sarkar and Drbanjan introduced the 
definition of convavoconvex fuzzy set and went on further study in it [11]. Then, Guijun Wang and 
Xiaoping Li gave the necessary and sufficient condition about close fuzzy sets constituting fuzzy convex 
sets [12] by introducing relative notions and theories of weak fuzzy convex sets. By weaking the 
conditions about definitions of convex sets and functions, Youness generalized them, defined E − convex 
sets and E − convex functions and discussed some properties of them [13].  
In recent years, theories of fuzzy convex sets have been applied to various branches of mathematics 
more and more widely with the deeper study. In 2000, Syau introduced another kind of definition of 
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strictly fuzzy convex sets [14] and Jianefng Li defined generalized convex sets utilizing Ben-Tal 
generalized algebraic operation [15] in 2001. Next, Professor Zuhua Liao and his students generalized 
“quasi-coincidence” to “generalized quasi-coincidence” and introduced ( , )( , )q λ μ∈∈∨ − fuzzy algebra. By 
combining such fuzzy algebraic structure with convex sets, they obtained some results [16, 17]. This 
paper is the continuation of those. We defined R − generalized fuzzy convex sets by combining 
R − implication operators and generalized fuzzy convex sets. In general fuzzy algebras, the combination 
of two homomorphic fuzzy algebras is not always still the homomorphic one. However, in the paper, we 
prove that the combination or intersection of any R − generalized fuzzy convex sets is still a 
R − generalized fuzzy convex set in certain conditions. The final part of this paper makes a conclusion 
and prospects the further study of generalized fuzzy convex sets. 
2. Preliminary 
Definition 2.1[18] A map A : [ ]0,1X →  is said to be a fuzzy set of X . The whole of fuzzy sets of 
X  is denoted as ( )F X .
Assume [ ], 0,1λ μ ∈  and λ μ<   in this paper from now on. 
Definition 2.2[17] Let X  be a linear space on the real number field and ( )A F X∈ . If for any 
[ ], , 0,1x y X k∈ ∈ , we have ( (1 ) ) ( ) ( )A kx k y A x A yλ μ+ − ∨ ≥ ∧ ∧ , then A is called a generalized 
fuzzy convex set of X .
It is obvious that the generalized fuzzy convex set defined above is just the common fuzzy convex set 
when 0λ = and 1μ = .
Definition 2.3[18] In classical logic, 0 or 1 is true value. The implication operator based on { }0,1  is 
denoted as: 
0, 1, 0;
R(a,b)
1,
a b= =⎧= ⎨⎩ otherwise.
.
By generalizing such operator into [ ]0,1 , we obtain the following concept:
Definition 2.4[18] A map R : [ ] [ ] [ ]0,1 0,1 0,1× →  is said to be a implication operator. 
Many properties of implication operators are discussed in all kinds of additive conditions in [19-24]. 
In this paper, we take advantage of implication operators without any additive conditions to study 
generalized fuzzy convex sets. 
Now some frequently-used implication operators are mainly as follows: 
(1) Zadeh operator: ( , ) (1 ) ( )zR a b a a b= − ∨ ∧ ,
(2) Mamdam operator: ( , )MR a b a b= ∧ ,
(3) Lukasiewicz operator: ( , ) (1 ) 1LuR a b a b= − + ∧ ,
(4) Gaines Rescher operator: 
1, ;
( , )
0, .GR
a b
R a b
a b
≤⎧= ⎨ >⎩
,
(5) Godel operator: 
1, ;
( , )
,G
a b
R a b
b a b
≤⎧= ⎨ >⎩ .
,
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      (6) Goguen operator: 
1, 0;
( , )
1, 0Go
a
R a b b
a
a
=⎧⎪= ⎨ ∧ ≠⎪⎩ .
,
(7) Kleene Dienes operator: ( , ) (1 )KDR a b a b= − ∨ .
(8) oR :
1, ;
( , )
(1 ) ,o
a b
R a b
a b a b
≤⎧= ⎨ − ∨ >⎩ .
.
3. R − generalized fuzzy convex set 
The following if no special instructions, X  is a linear space on the real number field. Assume 
[ ]0,1l∈  and ( ]0,1t∈  in this paper from now on. 
Theorem 3.1 Let R  be classical logic implication operator. A  is a generalized fuzzy convex set of 
X  if and only if ( ( ) ( ) , ( (1 ) )) 1R A x A y A lx l yμ λ∧ ∧ + − ∨ = .
Proof is omited. Following, the definition of R − generalized fuzzy convex set is given according to 
implication operators on [ ]0,1 .
Definition 3.1 Let ( )A F X∈ . If  for any ,x y X∈ ,  we have ( ( ) ( ) , ( (1 ) ) )R A x A y A lx l yμ λ∧ ∧ + − ∨
t≥ , then A  is said to be a R − generalized fuzzy convex set of X .
Theorem 3.2 Let R  be a implication operator on [ ]0,1  and R  satisfies the condition:  when *a a≤ ,
*( , ) ( , )R a b R a b≥ . If A or B  is R − generalized fuzzy convex set of X , then A B∩  is also R − genera- 
lized fuzzy convex set of X .
       Proof.   For any , ,x y X∈  suppose ( (1 ) ) ( (1 ) )A lx l y B lx l y+ − ≥ + − , then (( )( ) ( )( )R A B x A B y∧I I
, ( )( (1 ) ) ) ( ( ) ( ) ( ) ( ) , ( ( (1 ) ) ) ( ( (1 ) )A B lx l y R A x B x A y B y A lx l y B lx l yμ λ μ λ∧ + − ∨ = ∧ ∧ ∧ ∧ + − ∨ ∧ + −I
)) ( ( ) ( ) , ( (1 ) ) )R B x B y B lx l y tλ μ λ∨ = ∧ ∧ + − ∨ ≥ . By Definition 3.1, A B∩  is also R − generalized 
fuzzy convex set of X .
Theorem 3.3 Let R  be a implication operator on [ ]0,1  and R  satisfies the conditions: (1) when 
*a a≤ , *( , ) ( , )R a b R a b≥ ;  (2) when *b b≤ , *( , ) ( , )R a b R a b≥ . If ( )iA i∈Γ  is R − generalized fuzzy 
convex set of X , then i A∈Γ∩  is also R − generalized fuzzy convex set of X .
Proof.   For any , ,x y X∈  by the known conditions, we have (( A )( ) ( )( ) , ( )(i i iR x A y A lxμ∧ ∧I I I
(1 ) ) ) (inf ( ) inf ( ) , inf ( (1 ) ) )) ( ( ) ( ) , ( (1i i i i i il y R A x A y A lx l y R A x A y A lxλ μ λ μ+ − ∨ = ∧ ∧ + − ∨ ≥ ∧ ∧ +
) ) )l y tλ− ∨ ≥ . By Definition 3.1, i A∈Γ∩  is also R − generalized fuzzy convex set of X .
Theorem 3.4 Let R  be a implication operator on [ ]0,1  and R  satisfies the condition: when *a a≤ ,
*( , ) ( , )R a b R a b≤ . If A or B  is R − generalized fuzzy convex set of X , then A B∪  is also R − genera- 
lized fuzzy convex set of X .
Proof.   For any , ,x y X∈  suppose ( (1 ) ) ( (1 ) )A lx l y B lx l y+ − ≥ + − , then (( )( ) ( )( )R A B x A B y∧U U
, ( )( (1 ) ) ) (( ( ) ( )) ( ( ) ( )) , ( (1 ) ) ( (1 ) ) )A B lx l y R A x B x A y B y A lx l y B lx l yμ λ μ λ∧ + − ∨ = ∨ ∧ ∧ ∧ + − ∨ + − ∨U
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(( ( ) ( )) ( (R A x B x A y= ∨ ∧ ) ( )) , ( (1 ) ) ) ( ( ) ( ) , ( (1 ) ) )B y A lx l y R A x A y A lx l y tμ λ μ λ∨ ∧ + − ∨ ≥ ∧ ∧ + − ∨ ≥ .
By Definition 3.1, we know that A B∪  is R − generalized fuzzy convex set of X .
Theorem 3.5 Let R  be a implication operator on [ ]0,1  and R  satisfies the conditions: (1) when 
*a a≤ , *( , ) ( , )R a b R a b≤ ;  (2) when *b b≤ , *( , ) ( , )R a b R a b≤ . If ( )iA i∈Γ  is R − generalized fuzzy 
convex set of X , then i A∈Γ∪  is also R − generalized fuzzy convex set of X .
Proof.   For any , ,x y X∈  by the known conditions, we have (( A )( ) ( )( ) , ( )(i i iR x A y A lxμ∧ ∧U U U
(1 ) ) ) (sup ( ) sup ( ) ,sup ( (1 ) ) ) ( ( ) ( ) , ( (1i i i i i il y R A x A y A lx l y R A x A y A lxλ μ λ μ+ − ∨ = ∧ ∧ + − ∨ ≥ ∧ ∧ +
) ) )l y tλ− ∨ ≥ . By Definition 3.1, we know that i A∈Γ∪  is R − generalized fuzzy convex set of X .
Theorem 3.6 Let R  be a implication operator on [ ]0,1  and R  satisfies the condition: ( , ) 1R a b = ⇔
a b≤ . If A  is a generalized fuzzy convex set of X , then A  is R − generalized fuzzy convex set of X .
Proof.   Since A  is a generalized fuzzy convex set of X , for any , ,x y X∈  we have ( (1 ) )A lx l y+ −
( ) ( )A x A yλ μ∨ ≥ ∧ ∧ . Also ( , ) 1R a b a b= ⇔ ≤ , thus ( ( ) ( ) , ( (1 ) ) 1R A x A y A lx l y tμ λ∧ ∧ + − ∨ = ≥ .
That shows A  is R − generalized fuzzy convex set of X .
Theorem 3.7 Let R  be a implication operator on [ ]0,1  and R  satisfies the condition: ( , ) 0R a b = ⇔
a b> . If A  is R − generalized fuzzy convex set of X , then A  is a generalized fuzzy convex set of X .
Proof.   Since A  is R − generalized fuzzy convex set of X , for any , ,x y X∈  we have ( ( )R A x A∧
( ) , ( (1 ) ) 1y A lx l y tμ λ∧ + − ∨ = ≥ . Also ( , ) 0R a b a b= ⇔ > , thus ( (1 ) ) ( ) ( )A lx l y A x A yλ μ+ − ∨ ≥ ∧ ∧ .
Therefore A  is a generalized fuzzy convex set of X .
4. Conclusions 
Those results that we achieved in this paper extend corresponding theories of fuzzy algebra and rich 
the study of fuzzy algebra. At present, although a series of work in the study of generalized fuzzy convex 
sets have been done, there are many problems remaining to be further exploration. The authors in the 
paper think R − generalized fuzzy convex sets can be also discussed by utilizing the subordinate 
relationship between fuzzy points and fuzzy sets. There is much room for further study on this aspect, 
which is significant in riching the basis of fuzzy algebra. 
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